Abstract. This paper aims to study the basic properties, behaviors and types of characteristic classes. The study gives the importance of characteristic classes and how they develop cohomology theory as a classification method in algebraic topology. The paper deals also with the relations between several characteristic classes with their comparison.
Introduction
For studying vector bundles we have a technique of characteristic classes. Any bundle ξ in the cohomology of the base space B(ξ) which is the natural setting for characteristic classes ሾ1ሿ, so that characteristic classes behave well with respect to bundle maps.
The theory of characteristic classes is associated to the names of Whitney-Stiefel, Pontryagin and Chern, and was developed further by Weil, Bott, Thom and many others. Whitney and Stiefel introduced characteristic classes in [2, 3] . The Whitney product theorem is introduced by Whitney in (1940) (1941) and due Wu in (1948) [3] , Stiefel studied the homology classes determined by the tangent bundle of a smooth manifold and invented co-homology theory, whereas Whitney discussed the case of sphere bundles, which have the advantage of having compact fibers. Pontryagin constructed the classes which bear his name by studying the homology of so-called Grassmann manifolds. Pontryagin's work goes back to (1942) [2] . In (1946), Chern defined characteristic classes for complex vector bundles, and showed that complex Grassman manifolds are easier to understand than the real ones [2, 3] . Hopf had discovered in (1927) that the number of zeroes of a smooth vector field on a compact oriented manifold is equal to its Euler characteristic; Thom and Wu (1986) proved that the integrals of the highest-dimensional Chern class equals the Euler characteristic, and Hirzebruch constructed associated to the tangent bundle of a4k-dimensional real manifold (compact and oriented) called the Lgenus, and proved that it is equal to another integer, called the signature. In the case of 4-dimensional manifolds it turns out to be equal to one-third of the integral of the first Pontryagin class of the manifold [2] . There have been many generalizations, such as the extension of Hopf's result to sections of complex vector bundles by Bott and Chern and the various "index theorems", the most famous of which is the Atiyah-Singer index theorem, which relates the index manifold to the index of an elliptic differential operator (the Laplacian) on that manifold [4] .
Our discussion of characteristic classes is rather heuristic and follows mainly the ideas of Stiefel-Whitney classes and Chern. And only briefly mention how they are related to Pontryagin and Euler classes.
Basics of characteristic classes
Characteristic classes are cohomology classes associated to vector bundles. They measure in some way how a vector bundle is twisted, or nontrivial. There are four main types of characteristic classes: 1. Stiefel-Whitney classes w i (E) ∈H(B; Z 2 ) for a real typical vector bundle E→B 2. Chern classes c i (E) ∈H 2i (B;Z) for a complex typical vector bundle E→B 3. Pontryagin classes p i (E) ∈H 4i (B;Z) for a real typical vector bundle E→B 4. The Euler class e(E) ∈H n (B; Z) for an oriented n -dimensional real typical vector bundle E→B
The Stiefel-Whitney and Chern classes have same behaviors so they are formally quite similar. But when you take Z rather than Z 2 coefficients, Pontryagin classes can be expressed as a refinement of Stiefel-Whitney classes, and the Euler class is a further refinement in the orientable case. Definition 1. For a real vector bundle ξ, the ith Stiefel-Whitney class of bundle ξ, [4, 5] . For a complex vector bundle ξ, the ith Chern class of ξ, denoted c i (ξ), is x i (ξ)∈H 2i (B (ξ), Z) [5, 6] . In addition, w(ξ) =1 + w 1 (ξ) + ... + w n (ξ) is called the total Stiefel-Whitney class and c(ξ) = 1 + c 1 (ξ) + ... + c n (ξ) is total Chern class [6] .
Properties of Stiefel-Whitney classes
For any real vector bundle (over a space B there is a class w(ξ) ∈H i (B(ξ), Z 2 ), with the following properties: (P 0 ) We have 1 + w I (ξ) + ... + w n (ξ) where w i (ξ) ∈H i (B (ξ), Z 2 ) and w i (ξ) = 0 for i> dim ξ= n .(P 1 ) If ξ and η are B-isomorphic, it follows that w(ξ) = w(η), and if f: B l → B is a map, then we have f*(w (ξ)) = w(f*(ξ)). (P 2 ) (Whitney sum formula) For two vector bundles ξ and η over B, the relation w(ξ⊕η) = w(ξ)w(η) (cup multiplication) holds, and so ‫ݓ‬ ഥ(ξ)w(ξ ⊕ η) = w(η) unique solution!, where ‫ݓ‬ ഥ the inverse of w.(P 3 ) For line bundle [5, 7] . Remark 1. Properties (P 0 ), (P 1 ) and (P' 3 ) hold for Stiefel-Whitney. 
Properties of Chern classes

→ CP
∞ , we see that (C 3 )and (C' 3 ) are equals. From the parallel character of properties (P 0 ) to (P 3 ) and properties (C o ) to (C 3 ) it is clear that the two sets of characteristic classes have many formal properties in common [3, 5] . [3, 5] . Proof: The statement is true for ξover a point because the cohomology in nonzero dimensions is zero, and every trivial bundle is isomorphic to the induced bundle by a map to a point. By properties (P 1 ,C 1 ) we have the result. In addition, using properties (P 2 ,C 2 ), we have the following result. [7] . In particular, if ξ⊕η is trivial: ‫ݓ‬ ഥ(ξ) = w(η). A nonexistence statement for vector fields on S n is stronger than a nonexistence statement for vector fields on RP n , but as an application we include the next proposition which is really an easy consequence [5, 6] .
Proposition 4. Every tangent vector field on RP
2k has at least one zero [5] .
) had cross section that was everywhere nonzero, we would have τ (RP Theorem 3. The properties (P 0 ) to (P 3 ) completely determine the Stiefel-Whitney classes, and the properties (C o ) to (C 3 ) completely determine the Chern classes [5] . Proof: Let w i and ܹ ഥ i be two sets of Stiefel-Whitney classes, and let ξ n be a vector bundle with splitting map f:B 1 →B. Since w 1 is uniquely determined for line bundles λ i , we have
The same proof applies to Chern classes. n -{0}) → (E(ξ),E 0 (ξ)) denote the inclusion onto the fibre of ξ over b∈B. Each complex n-dimensional vector bundle restricts to a real (2n)-dimensional real vector bundle [5] .In previous sections , we developed characteristic classes, using projection bundle P(ξ); now we use E 0 (ξ) to define other classes.
Definition 3.
A vector bundle is orientable provided its structure group restricts from O(n) to SO(n). An orientation of a vector bundle is a particular restriction of the structure group to S O(n). An oriented vector bundle is a pair consisting of a vector bundle and an orientation on the bundle. In other words, a vector bundle has an atlas of charts where the linear transformations changing from one chart to another have strictly positive determinants [5] .
Example1. Every restriction of a complex vector bundle to a real vector bundle is orientable and has a natural orientation because U(n) ⊂SO(2n) ⊂O(2n) [5] . The next theorem contains the fundamental construction of this section.
Theorem 5. Let ξ be a real vector bundle. The cohomology groups have coefficients in Z if the bundle is oriented and in Z 2 in general. Then the following statements hold [5] :
The oriented types classes… the Euler class Definition 4. The Euler class of a real vector bundle cover
where p: E →B is the projection of ξ. The term "Euler class" is usually used only in the oriented case and with integral coefficients. Moreover, we have e(ξ) ∈H n (B). The class U ζ is called the fundamental class [3, 4, 5] .
Definition 5. (The Gysin sequence)
For (n-dimensional real vector bundle) ξ n there is the following exact sequence of cohomology groups where the coefficients are in Z 2 in general or Z for oriented bundlesis called the Gysin sequence of the bundle (E 0 , p, B) [8] .
The Euler class of an odd-dimensional oriented bundle ξ has the property that 2e(ξ) = 0 [3] . Because of this we assume that the fiber dimension is even when using the Euler classes.
Corollary 4.
If the orientation of ξ is reversed, then the Euler class e(ξ) changes sign e(ξ') =-e(ξ) [3] .
Proposition 6. Let ξ be a vector bundle over B, and let f: B' →B be a map. Then f*(e(ξ) = e(f*(ξ). Proof: There is a map ɡ:(E', E 0 ) →(E, E 0 ) inducing f, where E is the total space of ξ and E' is the total space of f*(ξ). By the uniqueness property of Theorem (10), f*(U ξ ) is equal to U f*(ξ ) , since they are equal on each fibre of f*(ξ). The proposition follows now from the commutative diagram. 
Proposition 7.
For two vector bndle ξ and η the Cartesian product of Euler class is given by e(ξ×η) = e(ξ)×w(η) [3] . Proof: see [3] . Theorem 10. We consider dimensions one and two [6] . 
and the total Steenrod operation
Sq=∑ 0≤i Sq i we have the following formula for the total Stiefel-Whitney class 
It divides into two cases depending on b mod 4. 
Example 2. (Two mod 2 congruences)
We have the following in the field Z 2 ={0,1} of two elements for c ∈ Z [6] (Sq(U ξ )). Using Poincaré duality and its relation to U M , we have the Wu class and its relation to the Stiefel-Whitney classes of the tangent bundle [3, 6] . 
The Atiyah class
We discuss the notion of holomorphic connection, which should not be confused with the notion compatible with the holomorphic structure. This notion is much more restrictive, but it generalize to pure algebraic setting [10] . 
The Atiyah-Singer index theorem
Let D: Γ( ξ )→Γ(η) be an elliptic differential operator between vector bundles ξ and η on a compact oriented differentiable manifold X of dimension n, then [10] ;
(
The elliptic differential operator D has a pseudo inverse, it is a Fredholm operator. It's analytic index is defined as the difference between the finite dimension of Ker(D) and the finite dimension Coker(D) i.e. [4] (where D* the adjoin of D)
Index(D)=dimKer(D) dimCoKer(D)=dim Ker(D)dim Ker(D*)
B(X) is the unit ball bundle of the cotangent bundle of X, and S(X) is its boundary, and p is the projection to X. (v) ch is the Chern character from K-theory K(X) to the rational cohomology ring H(X,Q).
to two vector bundles p * ξ and p * η on B(X) and an isomorphism σ(D) between them on the subspace S(X) . 
Relations between real and complex vector bundles
We have considered the operation of conjugation ξ* of a complex vector bundle ξ, we can also restrict the scalars of ξ to R. This yields a group homomorphism
The process of tensoring a real vector bundle η with C yields a complex vector bundle η⊕C, called the complexification of η. This yields a ringmorphism
Clearly, there are the relations, ε 0 (ε U (η))=2η and ε u (ε 0 (ξ ))= ξ + ξ*.
Observe that for a real vector bundle η the complex vector bundles η⊕C and (η⊕C)* are isomorphic [2] .
Proposition 9. For a complex vector bundle ξ, the relation c i (ξ*) = (-l) i c i (ξ) holds [5, 11] . Proof: The proposition is true for line bundles. Let f: B 1 → B be a splitting map, where
ஸ . This proves the result.
Corollary 9.
If a complex vector bundle ξ is isomorphic to ξ*, then 2c 2i+1 (ξ)=0 for 0≤ i (5, 11) . Proof: We have c 2i+1 (ξ) = -c 2i+1 (ξ) = -c 2i+1 (ߦ ̅ ) or 2c 2i+1 (ξ) = 0. The above corollary applies to the complexification (η⊕C)* of a real vector bundle.
Theorem 16. Let ξ be the canonical (real) line bundle on RP 2n-1 and η the canonical (complex) line bundle on CP n-1 . Then the following statements apply [5] .
Types and Properties of Characteristic Classes
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(1) The bundle q*(η)) is isomorphic to ε U (η). (2) The class w 2 (ε 0 (η)) is the mod 2 reduction of c 1 (η). (3) c l (η)) = e(ε 0 (η)).
Corollary10
. Over a para compact space, w 2 (ε 0 (η)) is equal to the mod 2 restriction of c 1 (η) for any complex line bundle η [5] . Proof: The corollary is true for the universal bundle by condition (2) in theorem (16) and therefore for all complex line bundles.
Corollary11. Over a paracompact space, e(ε 0 (η)) is equal to c 1 (η)for any complex line bundle η [5] . Both corollaries are true for the universal bundles by theorem (5), and therefore they are verified for all line bundles, using the classifying maps.
Corollary 12.
If a complex vector bundle ξ of rank n over B is given a canonical orientation then e(ξ) =c n (ξ) ∈H 2i (B, Z) [3] . [3, 5] . We define P(ξ) = 1 + P 1 (ξ) + ... ∈H*(B,Z) to be the total Pontrjagin class of the vector bundle ξ. The Whitney sum theorem holds only in the following modified form:
be the map that assigns to each real line determined by {x, -x} for z ∈S 2n-1 the complex line determined by z. By definition we get P i (ξ R ) =(-1) i c 2i (ξ ⊕C) where(ξ ⊕C) is complex get real [6] . In particular P 1 (ξ)=c 1 (ξ) 2 -2c 2 (ξ) [6, 12] .
Theorem 18. For any orientable 2n-vector bundle ξ, p n (ξ) = e(ξ) 2 [12] . Now the others useful characteristic classes associated with real or complex vector bundles are Atyiah class, Wu class and Atyiah-Singer class as we saw in the study, also how they interacted and developed the main characteristic classes in different terms.
Note: that the following two tables (1, 2) give a good comparison between all characteristic classes which we have discussed. The study also appears that complex characteristic are more easy and more useful to get new relationships.
